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Abstract

Adjoint sensitivity analysis provides an efficient alternative to direct methods when evaluating the influence of many
uncertain parameters on a limited number of performance measures in hydrologic and hydrogeologic models. However, most
adjoint implementations are "intrusive", requiring extensive modifications of the forward simulation code. This creates significant
development and maintenance burdens that limit broad adoption. To address these needs, we present MF6-ADJ, a "non-intrusive"
adjoint sensitivity capability for the MODFLOW 6 groundwater flow process that leverages the MODFLOW Application Programming
Interface (API) to interact with the forward groundwater flow solution without altering its core code. MF6-ADJ supports both
confined and unconfined flow conditions, structured and unstructured grids, and is compatible with both the Standard and
Newton-Raphson solution schemes. It computes sensitivities of a wide range of general performance measures, including hydraulic
heads, boundary fluxes, and weighted residuals, with respect to key model parameters such as hydraulic conductivity, storage
coefficient, injection/extraction rate, recharge rate, boundary head, and boundary conductance. Sensitivities are computed at each
node, enabling fine-grained diagnostic and calibration analysis. Validation against analytical solutions and the finite-difference
perturbation method confirms excellent agreement, while demonstrating speedups ranging from hundreds to tens of thousands
of times depending on grid discretization, since the adjoint state method computes sensitivities efficiently at the grid-block level.
This non-intrusive design makes MF6-ADJ highly accessible and maintainable, offering efficient and scalable sensitivity analysis in

complex groundwater modeling workflows.

Introduction

The adjoint state method is a powerful analytical tech-
nique widely used in computational science to efficiently
compute the sensitivities of model outputs to a large
number of parameters. The method has also been widely
applied in groundwater modeling across numerous areas,
including sensitivity analysis (Sykes et al. 1985; Wilson
and Metcalfe 1985; RamaRao et al. 1995; RamaRao
and Mishra 1996; Skaggs and Barry 1996; Li and
Yeh 1998; Cirpka and Kitanidis 2000; Jyrkama and
Sykes 2006; Neupauer and Griebling 2012; Griebling
and Neupauer 2013; Lu and Vesselinov 2015; RamaRao
et al. 2017), parameter estimation (Neuman 1980; Sun
and Yeh 1985, 1990; Townley and Wilson 1985; Lu

Corresponding author: INTERA Incorporated, Swiss Branch,
Wettingen, Switzerland; mhayek@intera.com

2INTERA Incorporated, Fort Collins, CO

3INTERA Incorporated, Albuquerque, NM

#INTERA Incorporated, Chicago, IL

SINTERA Incorporated, Austin, TX

Articleimpact statement: MF6-ADJ enables fast, non-intrusive
sensitivity analysis for MODFLOW 6, supporting robust groundwater
modeling and decision-making.

Received May 2025, accepted September 2025.
© 2025 National Ground Water Association.
doi: 10.1111/gwat.70025

NGWA.org

et al. 1988; Yeh and Sun 1990; Lavenue and Pickens 1992;
Yeh and Zhang 1996; Cardiff and Kitanidis 2008;
Fienen et al. 2008; Wu et al. 2008), optimization
(Ahlfeld et al. 1988; Tan et al. 2008), source identi-
fication (Neupauer and Wilson 1999, 2001; Michalak
and Kitanidis 2004), and various other applications (see
Sun 1994). Recently, the adjoint state method has been
applied successfully to problems related to radionuclide
transport in deep geological formations (Hayek et al. 2019,
2020, 2021).

A major advantage of the adjoint state method is
its ability to compute sensitivities for all parameters
at each model node in a single backward simulation,
unlike the perturbation method, which requires separate
forward simulations for each parameter. This approach
greatly enhances computational efficiency, especially
for large-scale models with numerous parameters. The
adjoint method is particularly well-suited for generating
sensitivity maps that highlight parameters with the most
substantial impact on model outcomes. These maps are
useful for building intuition regarding model behavior as
well as for model calibration and uncertainty analysis,
enabling modelers to concentrate on the most critical
parameters. In addition, the adjoint method enables
efficient computation of the full Jacobian matrix, where
each of the m rows corresponds to one observation, and
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each row contains the partial derivatives with respect to
the n parameters. Using adjoint-based sensitivities, the
Jacobian matrix can be assembled with m + 1 model runs,
one forward run and one adjoint run per observation,
compared to m x n + 1 runs required by the perturbation
approach. This efficiency makes the adjoint method
particularly attractive for integration with calibration tools
such as PEST (Doherty 2015). Furthermore, since the
gradient of a parameter-estimation objective function can
be obtained with only 1 forward model run and 1 adjoint
solution, the adjoint state method is also widely used with
the quasi-Newton class of inversion algorithms, such as
L-BFGS (Liu and Nocedal 1989); see for example Oliver
et al. (2008).

An earlier implementation of sensitivity computation
was provided in MODFLOW-2000 through the sensi-
tivity equation method (Hill et al. 2000). This method
calculates accurate derivatives by solving an additional
sensitivity equation for each parameter. While this avoids
the need for finite-difference perturbations, the overall
computational cost still scales with the number of param-
eters, similar to the perturbation method. In addition,
MODFLOW-2000 was difficult to maintain, lacked sup-
port for many modern packages, and could not keep
pace with ongoing model development, which ultimately
limited its long-term adoption. These challenges under-
score the need for more flexible and scalable approaches
for sensitivity analysis in current-generation groundwater
models.

However, implementing the adjoint state method
can be complex, often requiring extensive modifica-
tions to the forward model’s source code to incorporate
adjoint equations. This challenge is particularly pro-
nounced for widely used software like MODFLOW 6
(MF6; Langevin et al. 2017), a groundwater flow (GWF)
model where modifying the source code is intrusive and
may affect compatibility with future software updates.
Adjoint sensitivity capabilities were added to a previous
version of MODFLOW (MODFLOW-2005), as detailed
in Clemo (2007). However, this implementation was intru-
sive and is incompatible with more recent MODFLOW
versions, largely a result of a lack of maintenance of the
adjoint version of MODFLOW-2005 as new versions of
MODFLOW-2005 were released. This highlights a major
challenge with implementing a general and widely appli-
cable adjoint solver for codes with frequent releases.

In this work, we introduce “MF6-ADJ”, a non-
intrusive, Python-based implementation of the adjoint
state method for MF6. Our approach uses the MODFLOW
Application Programming Interface (MODFLOW API,
Hughes et al. 2022), which provides the flexibility to
control the time stepping process and extract solution
components as the simulation advances. This approach
to adjoint formulation and solution allows for a non-
intrusive implementation of the adjoint state method,
avoiding any modifications to the MF6 source code. By
doing so, we ensure that our code remains compatible with
future versions of MF6, while retaining the computational
efficiency and analytical precision of the adjoint method.
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Mathematical Background

The discrete forward model of MF6 is based on
a generalized control-volume finite-difference (CVFD)
approach in which a given cell can be connected to
any number of surrounding cells. MF6 primary uses the
conductance-based formulation, where the flow between
two cells is computed as the product of a hydraulic
conductance and the head difference between the two
cells. This conductance term ensures that the units of
flow are consistent and intuitive. The substitution of
the conductance-based formulation into the mass balance
equation gives the CVFD flow equation for cell n as
follows (Langevin et al. 2017):

> Comhm + (— > Com+ Po— M) I,
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where, 1, is a list of cells connected to cell n, C,,,, is the
conductance between nodes n and m (LT 1), h,, and h,,
are the heads at nodes m and n at the current time-step (L),
hy¢ is the head at node n at the previous time-step (L),
t and t,;; are the current and previous times (7'), P, is a
head coefficient used in the flow calculation (L*7 1), 0,
is the head independent term used in the flow calculation
representing any external sink or source term (L3T~1),
SS, is the storage coefficient of cell n representing the
volume of water that can be added or removed per unit
volume of aquifer material per unit change in head in cell
n (L™, A, is the horizontal cell area of cell n (L?), and
Au, is the saturated thickness of cell n (L).

Equation (1) is formulated for each variable- and
constant-head cell in the grid. These equations can be
assembled to be written in matrix form as follows:

[A¥]h* = b, 2)

where, [Ak] =[A (czk,hk)] is the matrix of the coeffi-
cients that are a function of head at the current time-step
indexed by k, from the left side of Equation (1), for all
active and constant head cells in the grid, called also the
conductance matrix, and b* = b (o, h*™") is a vector of
the constant terms for all active and constant head cells
in the grid, composed of the terms of the right-hand side
(RHS) of Equation (1). Both, the matrix [A*] and the vec-
tor b* depend on the vector of input parameters which is
denoted here by o (i.e., some of the input parameters
might change over time, such as the injection/extraction
rate, so we assign the time-step index [k] to the parameter
vector accordingly). The vector of the RHS depends also
on the head at the previous time-step indexed by (k — 1).
For many groundwater problems, Equation (1) is nonlin-
ear in that individual entries in the conductance matrix
[AX] are a function of head h* (the dependent variable).
This is mainly the case for unconfined flow conditions,
where the conductance depends on the water level in
each cell. These nonlinearities are resolved through an
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iterative approach, involving repeated solutions of a lin-
earized system of equations to handle nonlinear problems.
At iteration k, the solution residual r¥ is written as:

r* = [Af]h* —bF =0, ©)

where [A*] and b* depend on the previous solution.
For detailed information on the iterative procedure (i.e.,
Newton—Raphson formulation) and its implementation in
MODFLOW 6, see Langevin et al. (2017).

Model Sensitivities—Perturbation Method

The aim of sensitivity analysis is to examine how
changes in each parameter (input) affect a performance
measure (PM), typically through the first derivative of the
PM with respect to the parameter. The general form of a
PM, J, can be expressed as the sum of contributions F k
from the individual time-steps k:

N N

J= ZF" = ZF(ock, ht), )

where N is total number of time-steps. Note that,
in some cases, F¥ may be zero for some values of
k. In practical applications, F could represent any
function of the hydraulic head such as a combination of
heads at specific locations and times, or an observation
residual representing the differences between simulated
and observed heads, or even the simulated hydraulic flux
at a user-defined interface at a combination of locations
and times.

The sensitivity of J with respect to a given parameter
a; is measured by the first order derivative 0.J/dca ;. These
derivatives are often calculated using finite difference
approximations, which involve perturbing model parame-
ters and computing the resulting changes in model outputs
through repeated forward simulations. This approach is
herein referred to as the “pertubation method.” One draw-
back of these methods is that they may require a large
number of forward flow simulations, which can be com-
putationally demanding depending on model complexity,
although such runs can be parallelized efficiently on com-
puter clusters. The simplest approach is the forward finite
difference scheme, which requires N, + 1 simulations to
approximate all the sensitivities, where N, is the total
number of input parameters. If the perturbation in the
parameter is do; and e; is the 7™ unit vector in RV»
(having 1 in the j” position and O elsewhere), then the
forward finite difference scheme gives:

aJ J (o + Scj e;) — J (o)

&)
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In addition to the computational cost of the forward
finite difference scheme, truncation errors (from the finite
step size) and rounding errors (from machine precision)
can affect numerical accuracy. In practice, and consistent
with established tools such as PEST (Doherty 2015) and
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UCODE (Poeter and Hill 1999), perturbing a parameter by
about 1% of its value is often considered a sound choice.

MODFLOW 6 Adjoint Sensitivity Model Equations

Unlike the perturbation method, which requires
solving additional forward model run of type (2) and
(3) for each input parameter, the adjoint state method
computes sensitivities efficiently by solving a single set
of adjoint equations alongside the forward model. This
significantly reduces computational cost, especially for
systems with numerous parameters and only a handful
of PMs are of interest. For the MF6 model given by
Equation (2) or Equation (3), the adjoint sensitivity
coefficient of a PM given by Equation (4) with respect
to parameter « is given by the following formula:

dFk a[A* ab*
|:_ + A1t ( [ ]hk _ _):| )
o Ja Ja

where, {Xk} is the set of adjoint state vectors which are
solutions of the following so-called adjoint state system
associated with the PM (4):

aJ
do

M=
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for nonlinear Ei;lro lems describing unconfined scenarios,
and to the conductance matrix [Ak ] for linear problems
characterizing confined flow conditions. The detailed
mathematical derivations of Equations (6) and (7) are
presented in the Appendix. Note that the symbol “J” is
used for two distinct quantities: the italic J in Equation (4)
denotes the scalar performance measure, while the bold
matrix [J*] in Equation (7) denotes the Jacobian matrix.
The difference in font style distinguishes these terms
clearly.

The adjoint state system (7) is backward in time in
the sense that it is solved successively for each time-step
starting from the last time-step downwards for k = N —
1, N —2, ...,0 with the following “terminal” condition:

with [Jk] = [f)rk]b, which is equal to the Jacobian matrix

ANV =o. (8

System (7) shows that the adjoint state vectors are
independent from the parameters and depend only on the
performance measure.

An inspection of Equation (6) shows that the adjoint
state vector is not just an auxiliary mathematical variable
but holds physical significance. Indeed, if the parameter
« is the injection/pumping rate at cell n and time-step &,
the direct application of Equation (6) to o = fj yields

0J
agr =M ®

Equation (9) states that the adjoint state variable at a
given cell and time-step represents the rate at which the
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performance measure varies per unit injection/pumping
at that cell and time-step. This interpretation originates
from Wilson and Metcalfe (1985), who formulated it
specifically for the steady-state case.

One of the advantages of the adjoint state method
is that the adjoint system is linear even for nonlinear
forward problems. The matrix of the adjoint system is the
transpose of that of the forward problem at the convergent
iteration. The RHS depends on the PM, indicating that one
adjoint system per PM type is required.

Note that, in Equation (4), F is a function of both
the parameter vector o and the state variables h¥, which
allows the inclusion of prior information or regularization
terms that depend directly on parameter values. Since such
regularization terms depend only on the parameters and
not on the state variable (i.e., hydraulic head), they do
not affect the adjoint state solution, which requires only
derivatives of the performance measure with respect to
head. Instead, the derivative of the regularization term
with respect to the parameters appears in the expression
for the sensitivity coefficients (first term on the right-hand
side of Equation 6,  F¥ /da), representing the direct effect
of prior information.

MF6-ADJ Code

Implementation

The MF6-ADJ code has been developed by imple-
menting the generic adjoint methodology presented above
for the MF6 code. The implementation has been carried
out by using the MODFLOW API (Hughes et al. 2022).
The MODFLOW API allows other programs to control
MODFLOW and interactively change variables without
having to modify the source code. With the MODFLOW
API, there is no need to implement the adjoint methodol-
ogy within the source code of MF6. The MODFLOW API
facilitates run-time access of all necessary information for
solving the adjoint system (i.e., hydraulic head, saturation,
Jacobian/conductance matrix, time stepping, etc.). Con-
sequently, the adjoint methodology can be implemented
externally using Python packages. In short, MF6-ADIJ uses
the MODFLOW API to execute a single forward run
of a MF6 GWF model, during which MF6-ADJ stores
the necessary solution components from MF6 and records
these quantities in an HDFS5 file (The HDF Group 2025).
Once this forward run is completed, MF6-ADJ no longer
requires MF6 and solves for the user-nominated PMs
using only the HDFS file. In this way, users can modify
and/or add new performance measures without needing
to re-execute the forward model. Figure 1 presents an
overview of the implementation of the adjoint sensitivity
capability for MODFLOW 6.

As shown in Equations (6) and (7), in addition to
the derivatives of the conductance matrix with respect to
the parameters, the computation of sensitivity coefficients
by the adjoint state method involves the calculation
of other derivatives. This includes derivatives of the
RHS with respect to head and parameters and the
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Figure 1. Overview of the implementation of adjoint
methodology for MODFLOW 6.

derivatives of the PM with respect to head and parameters.
These derivatives are analytically calculated using Python
functions based on the mathematical expressions of
the respective variables as defined in MF6. Each MF6
package uses certain types of parameters, which means
some sensitivity parameters are specific to individual
packages. Figure 2 illustrates, based on the CVFD
equation, how each package uses specific types of
parameters. For instance, the node property flow (NPF)
package uses hydraulic conductivity which appears in the
diagonal and off-diagonal terms of the conductance matrix
through the hydraulic conductance, and the storage (STO)
package uses the storage coefficient which appears in the
diagonal terms of [Ak] and the RHS for the transient
condition. Similarly, the General-Head Boundary (GHB)
package uses the boundary conductance which appears
in the diagonal terms of [Ak] and the RHS. For some
packages such as the Well (WEL) and Recharge (RCH)
packages, the parameters only appear in the RHS of the
CVFD equation. For these parameters, the derivative of
the conductance matrix is zero.

The current implementation supports several types
of PMs such as one or more heads at one or more
locations in space or time, sum-of-squared weighted
head residuals (i.e. the L?-norm objective function used
in most parameter estimation software), and certain
boundary-condition fluxes at one or more user-defined
locations in space and time. For example, the simulated
surface-water/groundwater exchange with one or more
Streamflow-Routing package (SFR) reaches at the end
of each irrigation season. MF6-ADJ currently supports
several important MF6 parameters, including horizon-
tal and vertical conductivities, storage coefficient, injec-
tion/extraction rate, recharge rate, boundary head, and
boundary conductance.

The MF6-ADJ code was designed around two
primary classes: ME6Ad]j and PerfMeas. Mf6AdJ is
a high-level class that prepares the forward solution and
processes the .adj input file (see subsection below).
It performs the forward solve and stores the solution
components required for the adjoint solve and writes the
HDF5 file needed for PM-specific adjoint calculations.
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Figure 2. Overview of the parameter set used by each MODFLOW 6 package based on the CVFD equation. NPF is the
Node-Property Flow, which uses hydraulic conductivity through the hydraulic conductance. STO is the Storage package,
which uses the storage coefficient and the specific yield. GHB is the General-Head Boundary package, which uses the boundary
conductance and the head assigned to the boundary condition. WEL is the Well package, which uses the injection/extraction
flow rate. RCH is the Recharge package, which uses the recharge rate.

This class is the only part of the code that interacts with
MF6 and the MODFLOW APL

The PerfMeas class solves the adjoint system
for each PM, calculates the requisite derivatives, and
reports sensitivity analysis results. The PerfMeas class
contains one or more PerfMeasRecord instances,
representing discrete spatiotemporal information for
each PM—specifically, for each model cell and stress
period/time-step where a user wants to analyze an
aspect of the PM. The PerfMeas class reads solution
components stored in a HDFS5 file, processes it by solving
the adjoint system backward in time for the current PM
defined by the user-defined Per fMeasRecord entries,
and then writes the results to a new HDF5 file, which
provides detailed and verbose outputs of the sensitivity
analysis.

An example usage of MF6-ADJ is as follows:

adj = mf6adj.Mf6Adj("test.adj",
lib_name, verbose_level=1)

adj.solve_gwf ()

adj.solve_adjoint ()

We start by creating an instance of the ME6AdJ class,
passing in the name of the performance measure file
(in this case, “test.adj”), the relative path to the
MODFLOW-6 API library (1ib_name), and, optionally,
specifying the level of output detail. During initialization,
the performance measure file is processed and checked.
Next, MF6-ADJ executes a single forward solve using
MF6, which saves the solution components to an HDFS
file with the command solve_gwf (). At this point,
solve_adjoint () loops through the unique PM listed
in the performance measure file (“test.adj”), solving
the adjoint system of equations for each PM backward in
time while also recording results to a separate HDFS5 file.

Input File Organization
The MF6-ADJ code uses a single performance mea-
sure file to specify the PMs of interest. In a similar fashion
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to the MF6 code, the performance measure file is orga-
nized into keyword blocks and is free format. A keyword
block is a section of an ASCII input file that contains
information about the PMs. A block begins with a line
that starts with “begin performance_measure”
followed by the name of the PM block and ends with
the line “end performance_measure”. Within each
block, the user specifies several records that define
the PM, where each line corresponds to the infor-
mation stored in a PerfMeasRecord instance. Each
record line is formatted as follows: SP TS cel-

1id PMkey PMtype weight obsval

where SP, TS, cellid, PMkey, PMtype, weight,
and obsval represent the stress period, time-step, cell
identification information, PM key (head or flux), PM
type (direct or residual), weight, and observed value,
respectively. For structured grid models, the cellid
quantity should be the layer, row and column numbers,
while for unstructured grid models, it should be layer,
node number for DISV grids and the node number for
DISU grids. The code supports two PM keys: head and
flux, and two PM types: direct and residual. The PM key
denotes whether a record pertains to a head or a flux and
the PM type denotes whether a record is directly related
to model outputs or is based on a weighted difference
between the model output and an observed value. In this
context, the flux PM key refers specifically to boundary
fluxes (e.g., from GHB, RIV, SFR, or DRN packages)
rather than intercellular flows, which is why only one
cellid is needed in such records.

When multiple records are listed in a given PM
block, the overall PM is defined as the sum of all
heads/residuals/fluxes across the specified stress periods,
time-steps, and grid blocks.

The performance measure can be expressed as:

e Direct Performance Measure: The sum of all weighted
heads or fluxes.
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phi pk000 pi000 pj000

.0 1.0
.0 1.0

ghb 0 k0 direct
5 ghb 0 dir .0 -1.0e+30
ghb 0 d .0 -1.0e+30
> ghb 0 d .0 -1.0e+30
5 ghb 0 d .0 -1.0e+30
5 ghb 0 dir .0 -1.0e+30
! pE‘formanEe_ e

Figure 3. Example input file (performance measure file) of MF6-AD]J.

¢ Residual Performance Measure: The sum of squared
weighted residual.

The observation residuals are defined as the squared
weighted differences between calculated and observed
values.

Figure 3 shows an example of a MF6-ADJ perfor-
mance measure file. This file includes three PM blocks.
The first block defines a PM as the sum of heads at grid
block (1,1,1) during the first and second stress periods.
The second block represents the head residual at grid
block (1,1,1) over the same periods, while the third block
specifies the GHB flux across the fifth column interface
during the first stress period; this GHB-based PM indicates
we are interested in the sensitivity of the model inputs to
this boundary flux.

Example Applications

MF6-ADJ has been tested and validated against
analytical solutions and numerical sensitivities obtained
using the perturbation method. The main purpose is to
test the implementation of MF6-ADJ using several sce-
narios including structured/unstructured grids and con-
fined/unconfined flow conditions using various types of
performance measures and MF6 GWF models. Unless
otherwise noted, all simulations and analyses were per-
formed on a Dell Precision 7670 laptop running Windows
11, equipped with an Intel Core 19 processor, and 64 GB of
RAM. The execution times reported for the MF6 forward
run, perturbation method, and MF6-ADJ were obtained
on this system.

Comparison with Analytical Solution

Numerical adjoint states calculated from MF6-ADJ
are compared against analytical results obtained from Lu
and Vesselinov (2015). We consider a specific case where
the domain is a rectangle measuring 500 m x 400 m, with
fixed heads at the lateral boundaries, # = 1 m at the left
(x =0)and & = 0 m at the right (x = 500 m), and no-flow
boundaries at the bottom and top (y = 0 and y = 400 m).

6 M. Hayek et al. Groundwater

A constant hydraulic conductivity of 10 m/d is used. The
MODFLOW 6 numerical grid consists of a single layer,
100 rows and 80 columns, each cell being Sm by 5m
in size, and the Constant-Head (CHD) package is used to
define the boundary conditions. A single stress period of
1 day with one time-step is used to simulate steady state
conditions.

For the adjoint state simulation, we use a performance
measure defined as the head at the point (100 m, 200 m).
Adjoint state contour maps, obtained both analytically
and numerically using MF6-ADJ, are shown in Figure 4a
and 4b. The analytical results are derived from equation
(42) of Lu and Vesselinov (2015). As indicated in
Equation (9), the adjoint state at a given cell and time-
step represents the sensitivity of the performance measure
to the injection/pumping rate at that cell and time-step.
Here, the performance measure is the head [m] and the
unit of the pumping rate is [m3/d], resulting in adjoint
state units of [d/m?]. The highest adjoint state values (in
absolute value) occur in the vicinity of the cell where
the performance measure is defined, with nearly circular
contour lines centered on that location, as expected
because pumping or injection near that cell has the greatest
influence on the head measured there.

Figure 4c shows the spatial distribution of the
absolute difference between the analytical and MF6-ADJ
results at each location, which effectively represents the
root mean square error (RMSE) for this steady-state case.
The RMSE map highlights that the largest differences
are located primarily near the well, while the agreement
remains excellent farther from the well. The overall
RMSE was calculated to be 6 x 10~% d/m?2, confirming
excellent agreement between analytical and numerical
solutions. It should be noted that this error reflects the
combined accuracy of both the MF6 numerical solution
and the Python-based linear solver used for the adjoint
state solution. A looser solver tolerance in MF6 may
result in less accurate heads and therefore larger errors,
while a looser tolerance in the Python solver may also
elevate errors despite an accurate MF6 solution. Thus,
maintaining sufficiently strict solver tolerances in both
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Figure 4. Contour maps of the analytical (a) and MF6-ADJ (b) adjoint state variable A [d/m?] associated with a head PM
defined at location (100 m, 200 m). Higher absolute values of A are observed in the vicinity of this location, with nearly circular
contours indicating that pumping or injection near the observation cell exerts the strongest influence on the measured head.
Panel (c) shows the absolute difference between the analytical and MF6-ADJ solutions at each location, highlighting that the

largest discrepancies occur primarily near the well.

components is important to ensure reliable sensitivity
estimates.

Synthetic Model with Nested Grid

The objective of this test is to verify the implemen-
tation when the coefficients of the conductance matrix
explicitly depend on the parameters used to calculate sen-
sitivities, such as hydraulic conductivity. Cell hydraulic
conductivities appear in the conductance matrix through
the conductance terms, and calculating their sensitivi-
ties requires computing the derivative of the conduc-
tance matrix with respect to the cell’s conductivity (see
Equation 6). For each cell, this involves iterating over all
its connections. To ensure robustness of our implemen-
tation, an unstructured grid (DISV grid) is used for this
verification.

The problem setup consists of an unstructured, nested
grid as illustrated in Figure 5. The outer grid has cells
measuring 100m on each side, while the nested grid
contains cells with sides that are one-third this size. Cells
and vertices are numbered as shown in Figure 5. The
model assumes a uniform top elevation of Om and a
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uniform bottom elevation of —100m. Varying boundary
conditions are applied on the left and right sides using
the GHB package such that GWF is from right to left.
The model consists of 121 cells. A single steady-state
stress period of 1d is simulated, starting with an initial
head of zero. The hydraulic conductivity is assumed to be
heterogeneous and follows a log-normal distribution.

For this test case, the piezometric head at cell
80 is chosen as the performance measure. Sensitivity
coefficients are computed using the perturbation method
and the developed MF6-ADJ code. Figure 6 shows
the sensitivity coefficient maps of the performance
measure with respect to horizontal conductivity; that is,
the maps represent sensitivities of head to changes in
horizontal conductivity. The spatial patterns observed in
the sensitivity maps are influenced by the heterogeneity
of horizontal conductivity, which follows a log-normal
distribution in this example. However, the general pattern
is that horizontal conductivity sensitivities upgradient of
the performance measure have a positive sign, indicating
that increasing horizontal conductivity in these areas
leads to an increase in the simulated performance
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Figure 5. Model grid used for the nested grid problem. General-head boundary cells are marked in blue. Cell numbers are
shown inside each model cell. Vertices are also numbered and are shown in red. The PM is the head at cell 80.

measure groundwater level, while increasing horizontal
conductivity downgradient of the performance measure
leads to a decrease in simulated groundwater level
performance measure (a negative relation). Panels (a) and
(b) show the perturbation-based and MF6-ADJ sensitivity
maps, respectively, with overall good agreement between
the two approaches. Panel (c) presents the absolute
difference (RMSE) between the two maps, which reveals
that the largest discrepancies occur in the small cells
located at the interface between the refined central
grid and the surrounding coarser grid. This is likely
due to resolution effects at the nested grid boundary.
The calculated overall RMSE between MF6-ADJ and
perturbation sensitivities is 2.35 x 10~3d (i.e., m/[m/d]),
indicating excellent consistency. The perturbation method
(panel a) required 122 forward runs (one base case run and
121 perturbation runs, each corresponding to a perturbed
parameter). In contrast, the MF6-ADJ approach (panel
b) required only two runs: one forward run and one
adjoint run.

Freyberg Model

In this test case, we use the hypothetical aquifer
system, the Freyberg model (Freyberg 1988), as revised
by Hunt et al. (2019). The numerical model consists

8 M. Hayek et al. Groundwater

of a single-layer, shallow, water-table aquifer with no-
flow boundaries on the bottom and north-east—west, while
the southern boundary features a GHB (Figure 7). The
MF6 grid has 40 rows and 20 columns, with each cell
measuring 250 m on a side. Inactive outcrop zones are
present within the grid, along with a straight river running
along column 15. The model includes six pumping wells
and assumes a spatially uniform recharge rate (R). Heads
were observed at sixteen locations (Figure 7). The model
simulates a two-year period with 25 stress periods: an
initial single steady-stress period lasting 1 day, followed
by 24 transient monthly stress periods, with one time-
step per period. Bottom elevations are not uniform but are
relatively flat on the east side and gently slope toward the
south and west. No-flow cells, representing impermeable
outcrop zones, are present in the western and southeastern
corners of the model, resulting in a total of 705 active cells
in the model. A constant horizontal hydraulic conductivity
of 1 m/d and a specific storage coefficient of 107° 1/m
were assigned to all active cells.

For this test case, the performance measure of interest
is the sum-of-squared weighted differences (residuals)
between simulated and observed heads at all observation
points across all time-steps; this PM demonstrates how
MF6-ADJ can be used in conjunction with parameter
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Figure 6. Sensitivity maps of the hydraulic head with respect to horizontal hydraulic conductivity, 34 /0K, for the nested
grid problem. Panels (a) and (b) show the perturbation and MF6-ADJ calculated sensitivities, respectively. Contour lines
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and the surrounding coarser grid.

estimation software to map the sensitivity of the objective
function with respect to important model inputs. The
forward MF6 run takes approximately 10s to complete.
Sensitivity maps of recharge rates were calculated using
both MF6-ADJ and the perturbation method. The adjoint
solve takes around 40s. The recharge rate was applied
to all active cells of the model and is time-dependent,
resulting in a total of 17,625 parameters (705 cells x 25
time-steps).

Figure 8 compares the recharge rate sensitivity maps
obtained by MF6-ADJ (top) and the perturbation method
(bottom) for selected stress periods. Perturbation results
were generated using a 1% increment for each parameter.
Overall, the results from both methods are in good
agreement. Generating sensitivity maps for all stress
periods using MF6-ADJ took less than 1 min, whereas the
perturbation method required resolving 17,626 forward
runs, which took approximately 2d of simulation time.
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These timings were obtained from serial runs. This
demonstrates the computational efficiency of the adjoint-
state method.

The perturbation results displayed irregularities (such
as oscillating contour lines, particularly for the first stress
period). While solver convergence difficulties could also
introduce artifacts, such issues would be expected to
manifest similarly in the adjoint-state results, which is
not the case. Instead, our observations suggest that the
irregularities are more likely attributable to the finite-
difference approximation inherent in the perturbation
method and the choice of perturbation increment. If the
increment is too small, numerical noise is amplified;
if too large, nonlinear effects dominate, both leading
to inaccuracies. In contrast, the adjoint-state method
provides analytical derivatives that remain smooth and
stable, yielding more accurate results. This makes it
more suitable for calculating sensitivity coefficients, not
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Figure 7. Schematic representation of Freyberg model. The grid consists of 705 active cells, with inactive regions shown in
gray. General-Head Boundary (GHB) cells are depicted in light green at the bottom, while Streamflow-Routing (SFR) cells
are displayed in cyan. Observation points are marked by black circles, and the locations of pumping wells are indicated by

red triangles.

only due to its computational efficiency but also because
of its precision. Accurate derivative calculations are
also essential in contexts where sensitivities feed into
parameter estimation, data assimilation, or uncertainty
analysis as numerical noise in derivatives can adversely
affect convergence and stability in such procedures
(Doherty 2015).

San Pedro Regional Model

For many groundwater studies, estimating stream
depletion is an important objective, particularly when an
aquifer is hydraulically connected to a nearby stream, as
pumping from a well can draw water both from aquifer
storage and the stream. Various analytical and numerical

10 M. Hayek et al. Groundwater

methods exist for estimating this depletion if the well’s
location is known. However, if multiple potential well
locations are considered, calculating stream depletion for
each can be computationally intensive, especially if the
number of potential well locations is large or the model
execution time is large (Neupauer and Griebling 2012;
Griebling and Neupauer 2013; Ou et al. 2016). The adjoint
approach is an efficient alternative which enables stream
depletion estimates across any well location with just one
additional simulation. In this section, we use MF6-ADJ to
calculate stream depletion associated with the Upper San
Pedro Basin.

The Upper San Pedro Basin model was developed by
Leake et al. (2014) to simulate surface water/groundwater
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Figure 8. Comparison between contour sensitivity maps of recharge rate obtained from MF6-ADJ (top) and calculated by
the perturbation method (bottom) at four stress periods: 1, 8, 16, and 25.

interactions. The model includes the San Pedro River,
which supplies natural recharge to the aquifer and is
essential for local ecosystems and communities. The
model has 440 rows and 320 columns, with a constant
grid size of 250 m. The model has 5 layers through which
GWEF is primarily horizontal through laterally extensive
hydrogeologic units. Layer 1 represents alluvium along
the San Pedro River and ranges from 3 to 100 m thick.
Layers 2 and 3 represent silt and clay, varying from
10 to 180m. Layer 4 is very permeable, consists of
sand, gravel, and conglomerate, and is up to 400m
thick. Layer 5 covers the entire area, represents limestone
and sedimentary rock aquifers, and has a maximum
thickness of 1500 m. The model has a total of 115,531
active cells. The GHB package is used to represent
lateral exchanges along the north-east of the model in
layers 4 and 5. For more information on the model
setup, boundary conditions, and parameters, see Leake
et al. (2014).

The SFR package is used to simulate surface-
water/groundwater interactions. In this application, the
performance measure is stream depletion, defined as
the sum of surface water/groundwater fluxes between
groundwater and the SFR network across all reaches
and simulation times (a more discrete PM related to
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this flux can easily be constructed). In addition to the
pumping rate at a specific well, the system parameters also
include horizontal and vertical hydraulic conductivity.
We aim to calculate sensitivity maps for the change
in surface-water/groundwater exchange to changes in
pumping rates for all active model cells, as well as
for the horizontal and vertical hydraulic conductivity.
The sensitivity of stream depletion with respect to the
pumping rate at a specific well indicates the proportion
of water drawn from the river compared to the subsurface
groundwater. We note that some subsurface water may
also originate from GHB cells included in the model,
so the stream depletion sensitivity reflects contributions
from the river, groundwater storage, and GHB inflows.
Using the adjoint state method, this sensitivity is obtained
directly as the adjoint state at the specific location
(see Equation 9). That is, the adjoint state in a cell,
associated with the specified surface-water/groundwater
PM, is equivalent to the capture fraction defined by Leake
et al. (2014).

For this test case, the forward simulation is transient
with a 10-year simulation period, discretized into a
single stress period with 10 one-year time-steps. The
forward simulation takes approximately 10s, while the
adjoint run takes around 22s. Figure 9 shows the
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Figure 9. Sensitivity maps for San Pedro model calculated for all layers using MF6-ADJ. Top: capture fraction, middle:
horizontal hydraulic conductivity (K11), bottom: vertical hydraulic conductivity (K33). Inactive regions shown in black.

sensitivity maps associated with the Upper San Pedro
model calculated for all layers using MF6-ADJ. In
this figure, the first row displays the capture fractions
(Leake et al. 2010), representing stream depletion (i.e.,
the ratio of capture rate to pumping rate). The second
row shows sensitivity maps for horizontal hydraulic
conductivity, and the third row shows those for vertical
hydraulic conductivity. Sensitivity values below 107*
are shown in white. As expected, capture is high for
pumping locations near river reaches across all layers,
while locations further from these reaches exhibit lower
capture. Capture fractions are negative and indicate that
an injection of water decreases river depletion. Sensitivity
to horizontal hydraulic conductivity shows a relatively
uniform distribution across the area, whereas vertical
hydraulic conductivity sensitivity patterns resemble those
of the capture fraction maps.

The sensitivity maps in Figure 9 were generated by
performing one forward run and one adjoint run, requiring
about 30s of wall time. In contrast, using a perturbation-
based approach would necessitate solving the forward
model 3 x (115,531 + 1) = 346,596 times. When run in
serial, this corresponds to approximatively 40 days of wall
time, demonstrating the efficiency of our MF6-ADJ code
compared to the perturbation method.

12 M. Hayek et al. Groundwater

Limitations

The initial release of MF6-ADJ does not yet
support all advanced MF6 GWF functionality. Currently,
unsupported packages include:

o Multi-aquifer Well (MAW) Package.

o Water Mover (MVR) Package.

o Skeletal Storage, Compaction, and Subsidence (CSUB)
Package.

e Unsaturated Flow (UZF) Package.

In addition, MF6-ADIJ is currently limited to the
GWF model. It does not yet support other model
types in MODFLOW 6, such as the Groundwater
Transport (GWT) model. Extending the adjoint framework
to these capabilities would require substantial further
development.

Future development of MF6-ADJ will be guided by
user feedback. Users are encouraged to submit enhance-
ment requests, including supporting new parameters, addi-
tional MF6 packages, or new PM keys and types, through
the MF6-ADJ GitHub repository.

In addition to package-level limitations, users should
be aware that the use of Constant-Head (CHD) boundaries
in MF6 models has important implications for sensitivity
and adjoint-state analyses. CHD cells enforce a fixed head
value, which leads to a zero adjoint state at those loca-
tions. This behavior is expected, as a fixed head implies
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no variation in response with respect to model parameters
at that node. In contrast, GHB conditions allow head
values to vary based on model parameters, leading to
nonzero adjoint states and enabling meaningful sensitivity
information. While CHDs are conceptually valid and
commonly used, they can mask sensitivities in the regions
where they are applied. For this reason, users are encour-
aged to convert CHD boundaries to GHB boundaries
where feasible, especially when sensitivity analysis or
parameter estimation is a primary goal. In MF6, this
conversion is relatively straightforward and involves
specifying a conductance value and tagging the boundary
as GHB. Making this adjustment can prevent the misin-
terpretation of sensitivity results or the underestimation
of parameters influence near model boundaries.

Another important consideration is the computational
scaling of the adjoint-state method with respect to the
number of PMs. Each PM requires the solution of a
separate adjoint system, which means that the overall cost
increases linearly with the number of PMs. Consequently,
MF6-ADIJ provides the greatest advantage in applications
where the number of parameters is large but the number
of PMs is relatively small, such as when a modeler
is interested in a limited set of observation heads or
fluxes. In contrast, when hundreds or thousands of
PMs are considered simultaneously, the computational
benefits of the adjoint approach compared to perturbation-
based sensitivity methods diminish, and the choice of
approach should be guided by the relative balance between
parameter and observation counts. Users are encouraged
to weigh these trade-offs when designing sensitivity or
data-assimilation studies, and to consider whether the
adjoint or perturbation-based approaches provide the more
efficient computational path for their specific application.

Conclusion

In this paper, we presented MF6-ADJ, an adjoint
sensitivity analysis tool developed for MF6. MF6-ADJ
provides a robust, efficient, and non-intrusive solution
for conducting sensitivity analysis in groundwater mod-
els. Unlike traditional methods that require direct mod-
ifications to the MF6 source code, MF6-ADJ uses the
MODFLOW API to externally implement the adjoint sen-
sitivity analysis. This approach ensures compatibility with
ongoing and future developments in MF6 without neces-
sitating maintenance of adjoint sensitivity changes to its
code base.

Using the adjoint state method, MF6-ADJ computes
sensitivity coefficients by solving a single set of adjoint
equations in addition to the forward model. This approach
reduces computational costs, particularly for models
with numerous parameters, compared to the perturbation
method, which requires extra forward model simulations
for each parameter. Consequently, the adjoint-based MF6-
ADJ method enhances the speed and efficiency of sensi-
tivity analysis, offering clear advantages for models with
extensive parameter spaces, while the benefit decreases
when the number of performance measures is large.

NGWA.org

The MF6-ADJ implementation is particularly benefi-
cial for real-world applications, enabling detailed mapping
of sensitivity coefficients across the computational grid.
This facilitates the efficient assessment of local sensitiv-
ities throughout the model domain, aiding in parameter
optimization, stream depletion estimation, and groundwa-
ter management planning. By supporting key parameters
across various MODFLOW packages, such as hydraulic
conductivities, storage coefficients, recharge rates, and
boundary conditions, MF6-ADJ is a comprehensive tool
adaptable to diverse hydrogeological conditions.

The successful validation of MF6-ADJ against ana-
Iytical solutions and alternative numerical methods con-
firms its reliability and accuracy. These validations also
underscore its ability to provide computational efficiency
and precision in parameter sensitivity analysis, position-
ing MF6-ADJ as a valuable asset in groundwater modeling
and resource management.
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Appendix
We write the system of equations solved by MF6 at
each time-step k as a solution residual of the form:

=[A*]n* —b* =0. (A.1)

Note that the solution residual depends on the vector
of hydraulic head at the current and last time-steps as well
as the parameter vector: ¥ =rk (oe", hk, hkil).

We introduce a set of (yet arbitrary) vectors
{XO AL AN } each has the same dimension as h.
These Vectors are called the adjoint state vectors Wthh
will be determined later. Multiplying (A.1) by N~ 1" and
summing over all time-steps, we get after adding the
obtained summation to (4):

N N
1T
J=YFr4 Yy (A.2)
k=1 k=1

The derivative of J with respect to a given sensitivity
parameter « can be written as follows:

i 9Ft  9F* on* +ix" T
ohk 0o

k=1

ark+ ork ahk+ ark 7 anf!

X | — — | — — |-

o oh* | d« onf | da
(A.3)
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Using (A.1) to calculate ark /da, Equation (A.3) can
be rewritten as:

gl (2]

k k
k 1T ar oh
+ JE— JE—
;<8h" [ath dar
k—1
]( 1T al' oh'
k

The last term of the RHS of Equation (A.4) can be
rewritten as follows:

XN: . IT[ ark ] ) Z ,(T[abk} oh*
P h*-! = dn* | Do
(A.5)
In Equation (A.5), we have assumed that AV =0and
that h° (the initial head) is independent from «. Moreover,
we have used (A.1) to replace dr**!/dh* by —ab*/ant.
We note that the condition N = 0 is necessary for the
resolution of the adjoint system shown below. Under this
condition, Equation (A.4) becomes:

1
| ab* |\ 9nF
ohF da

o T[ or
k—1
Z(ahk ) [ahk}
(A.6)

+

k=1

Since {\'} are arbitrary, they can be chosen to
eliminate state sensitivity vectors dh*/da from Equation
(A.6). This can be obtained by setting the term multiplied
by 9h*/da in (A.6) to zero. Therefore, the sensitivity
coefficient simplifies to:

= i [a—Fk U (_a [Ak]h" - ﬁ)} :
— Jo oo oo

k=1
(A7)
with the vectors {Xk} are solutions of the so-called adjoint
state system given by:

T
abk oFk
} k (A.8)

1Ty k=1 _ | 9P _
= | - o

where [Jk] = [%] For nonlinear problems (i.e. uncon-

fined conditions), the matrix [Jk] is the Jacobian matrix,
while it is simply the conductance matrix [Ak] for linear
scenarios (i.e. confined conditions).

Note that, the adjoint system (A.8) is backward in
time which is solved with the terminate condition A" = 0.
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